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The subject, pictorially/historically presented

Dispersing billiards, decay of correlations: stretched exponential bound Bunimovich, Sinai ‘80
146 Artuso e t  al.  
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Fig. 1. Boundary of the diamond billiard system: R is the radius of curvature of the arcs, xm 
is taken equal to one in simulations. 

unit circle of angles ~o formed by v with a fixed direction. The system is 
ergodic and mixing 19~ and the invariant measure is proport ional  to the 
Lebesgue measure on ,/#, dkt(z) = (2hA) - l  d.x" dy dco (A being the area of the 
billiard region). By considering successive collisions with the arcs we may 
also introduce a discrete-time dynamical system, with evolution operator T", 
on the phase space s//'l (consisting of a coordinate l along the set of curve arcs, 
and ~0 e [ - n / 2 ,  re/2], the angle between the incoming velocity and the out- 
ward normal of the arc at the point corresponding to l). The invariant measure 
for this system is dv(~_) = (2P) - ~ dl cos cp dq~, where P is the total arc length. 

The mixing property guarantees that correlation functions vanish 
asymptotically: the goal here is to characterize their decay: as correlation 
functions are intimately linked to transport  coefficients, this is an issue of the 
utmost physical import. For  dynamical functions on the phase space correla- 
tion functions are defined as (since we are dealing with ergodic systems) 

(s ) Cs( t) = ~ /~ dl~(z) f (  S'Z) f ( z )  - . . . . .  a dlx(z) f (z )  - (1) 

or, when discrete dynamics is considered, 

Cg(n)=f  j/ dv(,) g( T",) g ( ' ) - ( ! , a ,  dv(,) g(~)) 2 (2) 
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FIG. 6. Correlation function for the case of Fig. 4 after
the smoothing, for different numbers N of trajectories:
Q,N 40000; +,N 120000;,N 250000. The dashed
line gives the exponential decay exp( —1.4n . ).

FIG. 5. Correlation function for the case of Fig. 2 after
the smoothing, for different numbers N of trajectories:
LL,N 2500; cl,N 10000; +,N 40000; ~,N 90000.
The dashed line gives the pure exponential decay 0.27e

We considered the dispersing billiard of Fig. 1
characterized by the value of the parameter
a - I/D -0.5 and numerically computed the auto-
correlation of the characteristic function f of the re-
gion X on the energy surface defined by 0 ~x~ I/3, 0~y ~ I/2, cos(1.1)~ v, i cos(0.1),
sin(0. 1) ~ v„~sin(1.1). Here we integrated 250000
different trajectories initially started in X with uni-
form distribution and computed the autocorrelation
p(n). The result is shown in Fig. 4. A best fit of the
numerical data gives p(n) —exp( —1 4n0~~), . thus
supporting the view that the results obtained by Buni-
movich and Sinai' ' are not merely estimates but
describe the actual asymptotic behavior of correla-
tions.
Various numerical checks were devised for the ac-

curacy of computer results. Since we perform phase
averages and not time averages, we needed to in-

tegrate each orbit only for short times, and therefore,
we had not to deal with big problems of accuracy for
the time evolution of any single orbit. The main re-
striction comes from the limited number N of orbits
one actually integrates, since the error in the corrrela-
tion value decreases as 1/ JN; another source of dif-
ficulty is given by the oscillating character of the de-
cay. This last problem was simply handled by intro-
ducing a convenient smoothing procedure, thus ob-
taining a monotone decreasing function. In Figs. 5
and 6 are drawn the smoothed values of the correla-
tion functions for the two models studied and for in-
creasing number N of trajectories.
As it is clearly apparent from the two pictures, the

fitting of the data with the dashed lines becomes
more and more accurate with increasing N.
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Fig. 13. ln~,v(t)  vs. t for a D case (R=20.518, N p ~ = 2 x l 0  T , x ~ E 0 , 0 . 2 5 ] , y ~ [ 0 , 0 . 2 5 ] ,  
0,, E[0.1, 1.1]); the inset represents the maxima (indicated by o in the main graph), but 
plotted as In ]In Cmax(t)l VS. t; a stretched exponential fit on these points gives ),sc=0.232-t- 
0.002 [cf. (6)]. 

1/50 in our computations], we remark that it is also compatible with the 
view that correlations are very sensitive to the degree of smoothness of the 
dynamical functions employed, with loss of smoothness inducing slower 
decays. 

4. CONCLUSIONS 

Though the problem of correlation decay has long attracted the atten- 
tion of the dynamical system community, many issues are still unresolved 
and much effort is still being devoted to gaining a better understanding. 
Here we have addressed the problem of numerical investigations on 
dynamical systems with singularities: through a number of techniques the 
theoretical expectations for marginally stable situations have been 
reproduced (even though it would be important to have a pr ior i  rigorous 
estimates of initial transients). When the system is hyperbolic (still retain- 
ing singularities), velocity-velocity correlation functions are shown to 
exhibit pure exponential decay: moreover, the decay rates seem to scale 
regularly with variations of the geometrical parameter: similar scaling 
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(liImi )=(l + 2Im + ) if QH[0Ipi/2 i/2(r)]

(l„m, )=(l +—'„m +—,
' )if P& [P,/2, /z(r), $3/pi/2(r)],

(10)

The location of (l„m, ) of the target scatterer is deter-
mined from the singularity curves [3] (see Fig. 2) as fol-
lows:

jC(n)j ~Ke

where K & 0, —,' ~ y & 1 are constants and e depends upon
the shape of the configuration Q. In the case of the close
packing, for large time n, we have Machta's [16] estima-
tion,

jc(n)j= (21)

(l, ,m, )=(l+1,m) if PH[P3/pi/p(r), P,u(r)], (12)

(l„m, )=(l + ,', m—,'—)if—p&[$,0(r), $3/2 i/2(r)], (13)

( l „m i )
= ( l +—,', m ——,

' )if P & [P3/Q —i/Q( r ), m ] .

VELOCITY AUTOCORRELATION

The velocity autocorrelation function of the Aow S, is
C(t)= f dpu(S, (r, g, l))u(r, g, l) . (15)r

As the velocity U is constant between successive collisions
we have

u(r, g, l)=v(r, g) for 0(l (r(r, g) .
Therefore,

(16)

The hexagonal symmetry allows the reduction of the
phase space to [O,mR/6] X [O,m ].
The formulas (8) and (9) that give the first return map

T are derived from the solution of the implicit Eq. (7).
We derive this formula relating the parametric represen-
tation of the bounder of the scatterer with the velocity
angle, which is constant between two successive col-
lisions. The first return map T allows, for example, the
computation of the velocity autocorrelation function and
the Kolmogorov-Sinai (KS) entropy of the triangular
Lorentz gas in the high density regime &3/4 &R ~ —,'.

where 3 is a positive constant.
In order to verify the above estimation of C ( n ), we

computed the velocity autocorrelation function averaging
over trajectories between 10 and 10 iterations of T(r, g).
In the computation, time is represented by the sequence
of integers and corresponds to successive collisions. The
numerical errors of the values of C(n) are between 3%
and 8%.
We observed that the absolute value of C(n) is well

fitted by the subexponential (20) [1,4], except for the close
packing case (see Fig. 3). We found that the exponent y
does not depend significantly on R, being almost constant
@=0.71+0.02. This value was also found in [8]. There-
fore it seems plausible to conjecture that the value
@=0.71 is universal for all bounded systems where the
diffusion occurs.
The parameter e varies with the radius R, and as the

parameter y is constant, the transport process is charac-
terized by the function a(R). A complete discussion
about the diffusion in the bounded Lorentz gas and the
behavior of the function a(R) will appear in a future
work [17].
In the close packing case we found that C(n) is better

fitted by the algebraic law (21) proposed by Machta, with
A —=0.45+0.05, which agrees (within the numerical pre-
cision) with the numerical value obtained in [16].

ENTROPY-LYAPUNOV EXPONENT

for

u(S, (r, P, l) )u(r, P, l) =v( T"(r,P) )u (r, P) (17) Katock and Strelcyn have shown [11]that the presence
of singularities does not prevent the application of Pesin's
formula. Therefore, for our system the Kolmogorov-

r(r, P)+ +r(T" '(r, P)) t ~ r(r, P)+
+r(T"(r,P)) .

The velocity autocorrelation is therefore

C(t)= f dvv(T"(r, P))u(r, P) f ' dl

= f dvu(T"(r, P))v(r, P)r(r, P) .ar+
Due to mixing, for large times, t ~~, we have

(18)

(19)

where C(n)= I d +v(vT"(r, P))u(r, P) is the velocity
autocorrelation of the first return map.
The integral with respect to continuous time of the ve-

locity autocorrelation function is finite only in the high
density regime &3/4(R ~ —,'. If the angles between the
tangents at the break points are different from zero,
which excludes the close packing case R =—,', C(n) has
been shown [1,4] to be bounded subexponentially:

1n j 1n j("(n) j j
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FIG. 3. Discrete velocity autocorrelation function for
R =0.45 showing subexponential behavior.
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Table I. Half  Periods of Oscillation for a 
N u m b e r  of D Cases" 

R tp/2 

5.00 1.42 + 0.02 
7.81 1.41 + 0.05 

10.63 1.41 _+ 0.03 
13.45 1.41 _ 0.06 
14.87 1.41 _+ 0.03 
20.52 1.41 _ 0.06 
27.59 1.41 -I- 0.06 

"Errors are within a priori bounds in terms of the 
unit step used in numerical simulation. 
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In JC(t)J vs. t for a D case (R = 5, Nph = 5 X 106); statistical errors relative to maxima 
are within circles; the dashed line is a least square fit using maximum points. 

Garrido, Gallavotti ‘94 A., Casati, Guarneri ‘96

Diamond billiard, overlapping 
circles, Birkhoff dynamics

Diamond billiard, overlapping 
circles, continuous time

statistical errors soon become relevant



Relationships with transport properties

Anomalous diffusion in infinite horizon billiards
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We consider the long time dependence for the moments of displacement #!r!q$ of infinite horizon billiards,
given a bounded initial distribution of particles. For a variety of billiard models we find #!r!q$%t&q !up to
factors of ln t). The time exponent, &q , is piecewise linear and equal to q/2 for q!2 and q"1 for q#2. We
discuss the lack of dependence of this result on the initial distribution of particles and resolve apparent

discrepancies between this time dependence and a prior result. The lack of dependence on initial distribution

follows from a remarkable scaling result that we obtain for the time evolution of the distribution function of the

angle of a particle’s velocity vector.

DOI: 10.1103/PhysRevE.67.021110 PACS number!s": 05.40.Fb, 02.50.Fz, 05.45.Pq

I. INTRODUCTION

Diffusion of particles in an infinite domain billiard is a

well studied problem '1–7(. By a billiard we refer to the
motion of a point particle in a two-dimensional domain in
which the particle moves with constant velocity in straight
line orbits executing specular reflection !i.e., angle of inci-
dence equals angle of reflection" from fixed boundaries. By
an infinite domain we refer to an unbounded two-
dimensional region. An early consideration of diffusion in a
billiard as a model in physics was made by Lorentz '1( to
model electrons in a metal. In this model !called the Lorentz
gas" particles move freely and reflect specularly from fixed,
randomly placed, hard-wall scatterers. A modification of the
two-dimensional Lorentz gas in which there are circular scat-
terers on a square lattice is an example of an infinite horizon
billiard, called the Sinai billiard '5(, and is illustrated in Fig.
1!a". Infinite horizon billiards are the subset of infinite do-
main billiards that contain channels through which a particle
may pass without ever reflecting off a billiard wall. In this
paper we consider diffusion in infinite horizon billiards. The
examples that we study numerically are shown in Figs. 1!a"–
1!d". The billiards in Fig. 1 include: !a" the Sinai billiard,
composed of circular, hard-wall scatterers arranged on a
square lattice such that the scatterers do not touch each other;
!b" a modification of model !a" in which the circular scatter-
ers are randomly displaced !random in direction and magni-
tude" by at most )!L/2"R , so that there are channels of
width L"2(R$)) accommodating free motion; !c" ran-
domly oriented square scatterers on a square lattice; and !d"
the scalloped channel, in which the domain is infinite in the
y direction and bounded in the x direction by circular arc
segments, each subtending an angle less than or equal to
180°. Figure 1!d1" shows the case of the scalloped channel
where the circular arc segments are semicircles, while Fig.
1!d2" shows the case where the arcs subtend an angle less

than 180°. Particle motion for the situation in Fig. 1!d1" is
equivalent to particle motion for a stadium-type billiard 'see
Fig. 2!a"(; the particle motion within the scalloped channel
can be folded into the stadium billiard via reflection of the
particle at a straight wall as it passes to the next cell. By cells
we mean each portion of the scalloped channel domain be-
tween the dotted lines of Fig. 1!d". In a similar manner, par-
ticle motion in the bounded billiard of Fig. 2!b" can be
thought of as equivalent to motion in the infinite billiard of
Fig. 1!a". One important means of characterizing transport in
an infinite domain two-dimensional billiard is through the
phase space probability distribution function !pdf",
P(x ,y ,* ,t), where * is the angle of the particle velocity and
we take all particle velocities to have magnitude 1. From the
pdf one can calculate the displacement moments of the dis-

*Electronic address: dna2@physics.umd.edu

FIG. 1. The four infinite horizon billiard structures that we con-

sider include !a" the Sinai billiard such that the channel width W
%L"2R#0; !b" the Sinai billiard with random displacements )
away from the square matrix such that W%L"2(R$))#0; !c"
randomly oriented squares such that W%L"!2d#0; !d" scalloped
channel with !d1" semicircular arcs and !d2" arcs subtending an
angle less than 180°.

PHYSICAL REVIEW E 67, 021110 !2003"

1063-651X/2003/67!2"/021110!7"/$20.00 ©2003 The American Physical Society67 021110-1

infinite horizon

Cv(t) ⇠ t�1 slow decay of correlations

h(xt � x0)
2i ⇠ t · log t (weakly) anomalous transport



Alternatives to direct computations

Perron Frobenius / Ulam methodsCHAPTER 23. WHY DOES IT WORK? 547

essential!spectral
radius

spectral!radius!essential
function!$Lˆ2$

square-integrable
L2@$Lˆ2$ function

space
Figure 23.5: Spectrum of the Perron-Frobenius oper-
ator acting on the space of Ck+α Hölder-continuous
functions: only k isolated eigenvalues remain between
the spectral radius, and the essential spectral radius
which bounds the “essential,” continuous spectrum.

essential spectrum

isolated eigenvaluespectral radius

• Our discussion tacitly assumed something that is physically entirely reason-
able: our evolution operator is acting on the space of analytic functions, i.e.,
we are allowed to represent the initial density ρ(x) by its Taylor expansions
in the neighborhoods of periodic points. This is however far from being the

exercise 23.1
only possible choice: mathematicians often work with the function space
Ck+α, i.e., the space of k times differentiable functions whose k’th deriva-
tives are Hölder continuous with an exponent 0 < α ≤ 1: then every yη with
Re η > k is an eigenfunction of the Perron-Frobenius operator and we have
36

Lyη =
1
|Λ|Λη

yη , η ∈ C .

This spectrum differs markedly from the analytic case: only a small number
of isolated eigenvalues remain, enclosed between the spectral radius and a
smaller disk of radius 1/|Λ|k+1, see figure 23.5. In literature the radius of
this disk is called the essential spectral radius. 37

In sect. 23.5 we discussed this point further, with the aid of a less trivial
1 − dimensional example. 38 The physical point of view is complementary
to the standard setting of ergodic theory, where many chaotic properties of
a dynamical system are encoded by the presence of a continuous spectrum,
used to prove asymptotic decay of correlations in the space of L2 square-
integrable functions. 39 40

exercise 23.2

• A deceptively innocent assumption is hidden beneath much that was dis-
cussed so far: that (23.1) maps a given function space into itself. The ex-
panding property of the map guarantees that: if f (x) is smooth in a do-
main D then f (x/Λ) is smooth on a larger domain, provided |Λ| > 1. For
higher-dimensional hyperbolic flows this is not the case, and, as we saw in
sect. 23.6, extensions of the results obtained for expanding 1− dimensional
maps are highly nontrivial.

36Predrag: define Hölder continuity
37Predrag: define the essential spectral radius?
38Predrag: rewrite!
39Predrag: OK in QM, dumb in classical dynamics
40Roberto: exercises 7.9 and 7.19 have to be removed (7.9 migrated to chapter 8, while 7.19 is

actually solved in the text ..).

converg - 9nov2008 boyscout version13.4, Dec 12 2010

4 K.M.Frahm and D.L.Shepelyansky: Ulam method for the Chirikov standard map

Fig. 2. (Color online) Spectrum �j of the UPFO of the map
(1) at K = Kg. First row : The left panel shows the eigenvalue
spectrum in the complex plane for M = 280 and Nd = 16609
by red/grey dots. The small blue/black square close to the
region � = 1 is shown in more detail in the right panel with
eigenvalues as red crosses. The green/grey curve represents the
circle |�| = 1. Second row : In the left panel the Ritz eigen-
values (blue/black squares), obtained by the Arnoldi method
for M = 280 and with the Arnoldi dimension nA = 1500,
are compared with the exact eigenvalues (red/grey dots). The
right panel shows the modulus of the di↵erences between the
exact eigenvalues and the Ritz eigenvalues as a function of the
level number j with eigenvalues sorted by decreasing modulus :
|�0| = 1 > |�1| > |�2| > · · ·. The Ritz eigenvalues are numeri-
cally correct (with an error ⇠ 10�14) for more then 1000 first
eigenvalues thus demonstrating the very good convergence of
the Arnoldi method. Third row : The left panel shows the den-
sity ⇢(�) of eigenvalues in the complex plane, being normalized
by

R
⇢(�) d2� = 1, as a function of the modulus |�| for the val-

ues M = 100, 140, 200, 280. The peak at |�| = 0.02 is outside
the plot range and has values ⇢(0.02) = 7.7 (M = 280), 8.3
(M = 200), 9.0 (M = 140), and 10 (M = 100). The right
panel shows the density ⇢(�) in the region |�| 2 [0.58, 1] for
M = 280 (full spectrum) and M = 400, 560, 800, 1120, 1600
(partial spectrum). For 400  M  1120 only the largest 3000
eigenvalues and for M = 1600 the largest 5000 eigenvalues
were calculated by the Arnoldi method and therefore the cor-
responding densities deviate from the convergent density curve
at small values of �.

largest modulus) and the associated eigenvectors of S for
the values M = 400, 560, 800, 1120, 1600 corresponding

to the matrix dimension of the UPFO Nd = 33107, 63566,
127282, 245968, 494964 (for the map (1) at Kg) which are
absolutely inaccessible by a full matrix diagonalisation.
For the case with strong chaos at K = 7 or the separa-
trix map the matrix dimension is even close to Nd ⇡ 106

for M = 1600. In order to provide for a self-contained
presentation, we give a short description of this method
here.

The main idea of the Arnoldi method is to construct
a subspace of “modest”, but not too small, dimension n

A

(in the following called the Arnoldi-dimension) generated
by the vectors ⇠

0

, S⇠

0

, S

2

⇠

0

. . . S

nA�1

⇠

0

(called Krylov

space) where ⇠

0

is some normalized initial vector and to
diagonalize the projection of S onto this subspace. The
resulting eigenvalues are called the Ritz eigenvalues which
represent often very accurate approximations of the exact
eigenvalues of S, at least for a considerable fraction of the
Ritz eigenvalues with largest modulus.

To do this more explicitly, we first construct recur-
sively an orthonormal set (of n

A

+1 vectors) ⇠
0

, ⇠

1

, . . . , ⇠nA .
For k = 0, 1, . . . , n

A

� 1 we define the vector vk+1

as the
Gram-Schmidt orthogonalized (but not yet normalized)
vector of S ⇠k with respect to ⇠

0

, . . . , ⇠k and store the ma-
trix elements hj,k = <⇠j |S| ⇠k> for j = 0, . . . , k which
were used during the orthogonalization scheme. Further-
more we define the matrix element hk+1,k = 1/ k vk+1

k
and normalize vk+1

by ⇠k+1

= hk+1,k vk+1

. Then the prod-
uct S ⇠k can be expressed in terms of the orthonormal
vectors ⇠j by:

S ⇠k =
k+1X

j=0

hj,k ⇠j (3)

and therefore the matrix hj,k is the representation matrix
of S in the Krylov space. This expansion is called in the
mathematical literature [34] Arnoldi-decomposition when
written in matrix form and it is actually an exact identity.
However, it is not closed since S ⇠k requires a contribution
of ⇠k+1

unless hk+1,k = 0 for some value of k in which
case we would have obtained an exact S-invariant sub-
space and the diagonalization of the Arnoldi matrix hj,k

would provide a subset of exact eigenvalues of S (those
with eigenvectors in the S-invariant subspace). An inter-
esting situation appears if due to numerical rounding er-
rors hk+1,k is very small and not exactly zero. Then the
method automatically generates, with the help of round-
ing errors, a new “pseudo-random” start vector and ex-
plores a new subspace orthogonal to the first S-invariant
subspace which is actually useful to obtain further eigen-
values.

However, when diagonalizing the UPFO S for a chaotic
map with large dimension this situation, which may be
quite important in certain other cases, does not happen
and hk+1,k is always di↵erent from zero (actually hk+1,k is
quite comparable in size to the modulus of eigenvalue �k).
Therefore we have to cut the above iteration at some max-
imal value of k. In order to calculate the Arnoldi matrix of
dimension n

A

one must actually be careful to determine
n

A

+1 vectors, otherwise one would miss the last column of
the matrix h. We also note that the Arnoldi matrix hj,k is

Frahm, Shepelyansky ‘10

Pij =
m

�
Ai \ T�1Aj

�

m(Ai)

Poles of power spectrum, Padé approximants

A., Prampolini, unpublished



Time statistics, waiting time distributions

partition the phase space

build a waiting time distribution  (t)
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R E C U R R E N C E  T I M E S  A N D  R A T E S  O F  M I X I N G  

BY 

L A I - S A N G  YOUNG* 

Department of Mathematics, University of California 
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e-mail: lsy@math.ucla.edu 

ABSTRACT 
The sett ing of this paper  consists of a map making "nice" returns to a ref- 
erence set. Criteria for the existence of equilibria, speed of convergence to 
equilibria and for the central limit theorem are given in terms of the tail of 
the re turn time function. The abstract  set t ing considered arises natural ly 
in differentiable dynamical systems with some expanding or hyperbolic 
properties. 

Introduction 
This paper  is part  of an a t temPt  to understand the speed of mixing and related 
statistical properties for chaotic dynamical systems. More precisely, we are in- 
terested in systems that  are expanding or hyperbolic on large parts  (though not 
necessarily all) of their phase spaces. A natural  approach to this problem is to 
pick a suitable reference set, and to regard a part  of the system as having "re- 
newed" itself when it makes a "full" return to this set. We obtain in this way 
a representation of the dynamical system in question, described in terms of a 
reference set and return times. We propose to study this object abstractly, tha t  
is to say, to set aside the specific characteristics of the original system and to 
understand its statistical properties purely in terms of these recurrence times. 
Needless to say, if we are to claim that  this approach is valid, we must also 
show that  it is implementable, and that  it gives reasonable results in interesting, 
concrete situations. 

* The author is partially supported by a grant from the National Science Foundation 
and a Guggenheim Fellowship. 
Received September 17, 1997 
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Figure 1. The time correlation function C, for the map f, of equation (3.1) with 
~=0.001,  fo rk=O, .  . . ,512. 

mechanism occurs in systems for which one can define consecutive time intervals 
(‘laps’) with approximately independent behaviour. The positions of the complex 
poles of the power spectrum-also called resonances-are given in terms of the 
probabilistic distribution A of the duration of these laps. If A is Gaussian, very simple 
scaling relations are obtained. 

This formalism is especially suited for discrete-time dynamical systems with 
type-I intermittency in the sense of Pomeau and Manneville [9] (this is intermittency 
caused by the ‘collision’ of a stable and an unstable periodic orbit, as a parameter is 
varied, i.e. by a saddle-node bifurcation, cf figure 2 below). The laps are separated 
by the end of a laminar period. We show how A can be calculated from a few 
dynamical parameters, which therefore suffice to predict the poles of the correlation 
function. There will be two basic modulation frequencies associated with an 
intermittent orbit: the first (fast) frequency is the period onto which one almost 
locks, and the second (slow) frequency is given through the mean return time. Thus 
modulated correlation functions occur for intermittent systems. Of course, in a 
complicated dynamical system, a number of different periodic orbits may be visited 
intermittently by the physical oribt; in that case, the signal will be a superposition of 
several of the simple phenomena we are describing and may be hard to disentangle. 

The present work is closely related to papers by Mori et a1 [6, 71 which are also 
concerned with the question of modulated correlation functions. Our discussion is, 
however, centred on complex poles in frequency space and their relation with the 
distribution A ,  whereas in [6,7] the authors consider in particular the typical shapes 
of the real power spectrum for various types of intermittency. 

One may ask what relevance the results of the present papers have for the 
rigorous study of differentiable dynamical systems. Since our results depend on the 
assumption of statistical independence of successive laps, they cannot give any proof 
of analyticity for the power spectrum. On the other hand, they give a strong 
indication of the presence of certain singularities and how close these are to the real 

Baladi, Eckmann, Ruelle ‘89



The intuitive picture

. . . 1 1 1 0 0 0 1 1 1 1 1 1 1 1 0 0 0 0 0 0 0 0 1 1 1 1 1 . . .

Consider <A(6)A(0)>

contributes

contributes

hAi2

hA2i

1

hni (m) is the probability that a point chosen at random is the first of a m repeating sequence 

hA(n)A(0)i ⇠ hA2i 1

hni ( (n) + 2 ·  (n+ 1) + · · · ) + hAi2(1� 1

hni ( (n) + 2 ·  (n+ 1) + · · · )

hA(n)A(0)i � hAi2 ⇠ (hA2i � hAi2) 1

hni ( (n) + 2 ·  (n+ 1) + · · · )

Channon, Lebowitz ’80, Chirikov, Shepelyansky ’81, Karney ‘83



Generalized time statistics
214 P. Dahlqvisr, R. Artuso/Physics Letters A 219 (1996) 212-216 

2.2. Correlation functions in the BER approximation 

We will restrict ourselves to observables A that are 
changed only by bounces on the disk. The autocorre- 
lation function is e.g. obtained as the time average 

CAA(t) = @(to + t> A(to))t,, - (Aj2. (10) 

The BER approximation assumes that there is 
no correlation if t and t + to belong to differ- 
ent intervals, that is (A(to + t)A(to)) = (A2) 
if there is no bounce between t and t + to and 
(A(& + t)A(ro)) = (A)2 otherwise. 

Next let Po( t) denote the probability that the trajec- 
tory has not hit the disk between t and t + to. We can 
now write the correlation function in terms of condi- 
tional probabilities 

CAA(t) = PO(t) (A2) + [ 1 - PO(t) 1 M2 - (Aj2 
= Po(t> V(A), (11) 

where V(A) is the variance of A. 
The function Z+(t) may be expressed in terms of 

P(A), 

Po(t> = & j(j%&dA) du. 

t 11 
(12) 

The l/A3 decay of p( A) thus implies a 1 /t decay of 
the correlation function. From Eq. (6) we compute 
the tail of Po( t), 

PO(t) 
2u(R) 1 N --* 
MT t 

(13) 

In the R -+ 0 limit we get from Eqs. ( 12), (9) and 
(4), 

PO(t) - --&9 R + 0. 

For sufficiently small R one can use Eq. (5) to ob- 
tain an expression for the entire Po( t) (the resulting 
expression is not particularly nice so we do not dis- 
play it). For other radii R one can use a numerically 
obtained p(A) to compute PO ( t) . 

First we will study the observable A = IuXl. Since 
(lu,[*) = l/2 and (1~~1) = 2/7r, we get 

CAA(t) = PO(t) (15) 

Q___ 0 0 0 Q__O --__ -----_____ o o o_____6-----o -6 

000000 
Fig. 1. The Lorentz gas, obtained by unfolding the Sinai billiard 
over the plane. 

2.3. Correlations in the L.urentz gas 

A closely related problem is the decay of correla- 
tions in the associated Lorentz gas obtained by un- 
folding the bounded billiard into an infinite lattice of 
disks, cf. Fig. 1. If we kept considering the observ- 
able A = lu,l, we would just recover the previous re- 
sult. Let us instead consider the observable B = uX. 
The difference is that the bounces on disks might now 
change the sign of B. The expression ( 11) may again 
be used, with the difference that (B) = 0, so we get 

Css(r) = PO(t) . ((B’) - (B>*) = Po(t)P. (16) 

It is well known that this correlation function is related 
to the diffusion coefficient 

D = ,llf”, j-([i(t) - X(O>]2), 

via the Einstein-Green-Kubo formula [ 131, 

D = lim 2 ,--rM f (o(O) . a(s)) ds 

0 
t 

= ,liE2 
- s 

(o,(O) . u,(s)) ds, 
0 

(17) 

(18) 

where we have made use of the symmetry of our sys- 
tem(ux(0).ux(S)) = (u,(O).u,(s)).fisthenumber 
of degrees of freedom. 

Inserting E?.q. (16) into this formula we obtain the 
diverging diffusion constant 

W RI -- D(t) - (A>71- logt, (19) 

in agreement with Refs. [ 10,131. 

 (t)

probability distribution of collision times

(hA2i � hAi2) 1

hti

Z 1

t
du

Z 1

u
dw numer(w)

(hA(t)A(0)i � hAi)numer

Dahlqvist, A. ‘96



The tangent diamond case: discrete vs continuous
146 Artuso e t  al.  

1 I 
R  9149  

J 

/ 

/ 

Fig. 1. Boundary of the diamond billiard system: R is the radius of curvature of the arcs, xm 
is taken equal to one in simulations. 

unit circle of angles ~o formed by v with a fixed direction. The system is 
ergodic and mixing 19~ and the invariant measure is proport ional  to the 
Lebesgue measure on ,/#, dkt(z) = (2hA) - l  d.x" dy dco (A being the area of the 
billiard region). By considering successive collisions with the arcs we may 
also introduce a discrete-time dynamical system, with evolution operator T", 
on the phase space s//'l (consisting of a coordinate l along the set of curve arcs, 
and ~0 e [ - n / 2 ,  re/2], the angle between the incoming velocity and the out- 
ward normal of the arc at the point corresponding to l). The invariant measure 
for this system is dv(~_) = (2P) - ~ dl cos cp dq~, where P is the total arc length. 

The mixing property guarantees that correlation functions vanish 
asymptotically: the goal here is to characterize their decay: as correlation 
functions are intimately linked to transport  coefficients, this is an issue of the 
utmost physical import. For  dynamical functions on the phase space correla- 
tion functions are defined as (since we are dealing with ergodic systems) 

(s ) Cs( t) = ~ /~ dl~(z) f (  S'Z) f ( z )  - . . . . .  a dlx(z) f (z )  - (1) 

or, when discrete dynamics is considered, 

Cg(n)=f  j/ dv(,) g( T",) g ( ' ) - ( ! , a ,  dv(,) g(~)) 2 (2) 

150 Artuso e t  al.  

In fact, when operating with some appropnate space of smooth functions, 
the decay properties are dictated by resonances ~22) whose position (which 
rules the exponential rate of decay as well as periodic modulations) does 
not depend on the particular function chosen (only prefactors do). On the 
other hand, spectral properties of the transfer operator (which is intimately 
connected to resonances) are sensitive to the choice of the function space 
for dynamical variables (see, for example, ref. 25). Results consistent with 
this picture were also obtained by Crawford and Cary, (27) who investigated 
the decay of correlations for square-integrable functions under the action of 
cat maps: by introducing an appropriate choice for basis vectors, they were 
able to prove the existence of widely different decay laws, ranging from 
faster than exponential to algebraic with arbitrary exponents, depending on 
the smoothness of the functions considered. 

O 

c5 i , l ~ , i , , I i J i , I i , , i I ' ' i , I ' ' ' ' I ' t , i I 
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~0  

Q_ I  
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i i , I , t ~ , I i t i , I i t , , i ~ , , t I . . . .  I , /  , , I ~ 

0.0 1. 2. 3. 4. 5. 6. 2. 
In n 

Fig. 3. (a) ]n Pi,t(n) vs. In n for the D tangent case ( N  . . . .  = ]07),the dashed line has slope 2. 
(b) [n -Pi,t(t) vs. t for the same case: here the decay is exponential. (c) ]n Pi,t(n) vs. n for an co-/-/ 
case (xm = 1, rt = r2 = 0.2, N~ro~ = 107); again exponential  behavior is found. {d) In Pi . t ( l )  vs. 
In t for the same case; a transit ion to power- law decay takes place: the dashed line has slope 2. 
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Fig. 3 (continued) 

2. "CROSSING"  STATISTICS 
The problem we address is the following: we partition the configura- 

tion space of the system under investigation (using a segment with shortest 
length joining two facing arcs in D, or a segment through the center 
parallel to the torus boundary in S) and run a single (or sample of) trajec- 
tory, recording {t~} (time from one crossing to the next) and {n=} (num- 
ber of collisions from one crossing to the next). From this data set we can 
approximately reconstruct ~d(t) and ~(n), probability distribution func- 
tions for the ~rossing time or collision number; then we build the survival 
probabilities 

Pi.t(t) = ~o(r) dr, Pi.t(n) = ~o(k) (9) 
k=,. 

These are monotonically decreasing functions of their argument and they 
are normalized to 1 at the origin. 

discrete: polynomial continuous: exponential



Large deviations/finite time Lyapunov exponents

convergence which, therefore, has to be discarded from the
statistics of k1 and lnjjj; as shown in Figure 3, the transients
depend on the FTLE of each orbit and, for both cases under
analysis, they are less than a hundred iterations long. The
splitting angle h is calculated from (46) by both the stable
w! and unstable wþ slopes and, since w! is obtained by run-
ning evolution (29) backward, both the initial/final (un/sta-
ble) transients are dropped. By comparison between Figures
5 and 6 (upper panels), we first observe that in both cases the
distributions of the one-step exponent and the log-curvature
are not bounded: they have exponential tails which are sym-
metric for k1 and asymmetric for lnjjj; then the two K values
can be separated by three main observations:

• for the one-step exponent, the distribution is far more sym-
metric about zero for K¼ p/2 than for K¼ 2p, leading to a
huge difference between their averages, i.e., their FTLEs;
these are, respectively, kT

½p=2% ¼ 0:298 and kT
½2p% ¼ 1:172 at

time T ¼ 109 (Figures 5, 6, upper panels (a), black vertical
line).

• for the log-curvature, at K¼ p/2 the positive tail is longer
than the negative one, while at K¼ 2p it is the opposite;
the conditional distributions (upper panels (b), orange/blue
graphs) show that the majority of points having large neg-
ative lnjjj also have positive one-step exponents, suggest-
ing that local instability is concentrated in regions where
the curves are almost flat.

• for the splitting angle distributions, the differences
between the two cases are stronger since h¼ 0 is a relative

maximum (inside a wide plateau) for K¼p/2 and an abso-
lute minimum for K¼ 2p; interestingly, in both cases, the
probability of null splitting angle is equally divided
between points with positive/negative one-step exponents
(upper panels (c), orange/blue graphs), while most of the
points with positive k1 also exhibit jhj > p=4.

Notice that the illustrated features have minor details
that vary between the two dynamical cases: the tails of nega-
tive log-curvature for the orange (k1> 0) and blue (k1< 0)
graphs differ by almost two orders of magnitudes at K¼ p/2
and by more than four orders at K¼ 2p, while such differ-
ence is almost zero for both positive tails. On the same line,
the range of h values that have equal conditional probability
(both around h¼ 0) is much wider for K¼p/2 than that for
K¼ 2p. By consequence, all the above considerations can
lead to solid conclusions only about the behaviour of k1: the
regions where the one-step exponent is positive have much
higher probability to contain curves that are simultaneously
flat and markedly transversal (jhj> p/4), i.e., that locally
resemble a uniformly hyperbolic system.

1. Tangencies and partitions

Finally, it should be noted that the phase-space struc-
tures in Figures 5 and 6 (lower-panel (c)), highlighted by the
splitting angle values, are directly related to the shape of the
generating partition of the symbolic dynamics associated to
the CT map (5); in particular, in Figure 6, the iso-curves at

FIG. 5. Each column contains the total (upper panel) and phase-space distributions (lower panel, 103& 103 cells) of each function over an orbit of length 109

for the CT map (5) at K¼p/2; color-bars are linked to each total distribution abscissa. Column (a): one-step Lyapunov exponent k1 ¼ lnjwj ¼ lnjcotðaÞj for
the unstable curve; the black vertical line marks the distribution average, which is the orbit’s FTLE. Column (b): log-curvature lnjjj for the unstable curve; the
black vertical line marks lnjKj. Column (c): splitting angle h ¼ a! ! aþ. Upper panels (b) and (c): above the total distributions (in black), the conditional dis-
tributions for lnjjj and h as the one-step LE k1 is positive (in orange) and negative (in blue); see also Figure 6.

023113-8 M. Sala and R. Artuso Chaos 25, 023113 (2015)
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Systems with mixed phase space may display regions in which 
finite time estimates of Lyapunov exponent differ in a significant 
way from the asymptotic value

This may lead to an estimate of correlations decay in the following 
way (Alves, Luzzatto, Pinheiro ‘04)

�

n

(x0) =
1

n

ln

�����
df(n)(x)

dx

����
x0

�����finite time Lyapunov exponents

with corresponding probability distribution Pn(�n)

fix a threshold �̃ < �1

then look at the behaviour of the tails M�̃(n) =

Z �̃

�1
d�n P(�n)



Alves, Luzzatto, Pinheiro ’05; Alves, Freitas, Luzzatto, Vaienti ‘11

The idea is to connect the shrinking of such a tail to correlation decay

M�̃(n) � 1
n⇥

C(n) � 1
n��1



In a more qualitative way, distributions of finite time Lyapunov exponents have been used, for 
instance, in the search for tiny islands in the standard map (Tomsovic, Lakshminarayan ‘07)

though note that “wiggles” in the FTLE were attributed to
stability islands in an earlier work on kicked tops !27". The
variance can be written

Var!!t
0#q0,p0$"A = DA/t", #22$

where #2
0#t$=Var!!t

0#q0 , p0$"$. After accounting properly for
the t−" dependence, one sees that DA fluctuates as a function
of time similarly to a diffusive variable. Generally speaking,
the greater the time range over which " is calculated and the
greater the number of trajectories run, the greater precision
with which " is determined. In this regard, the simplicity of
the j=0 approximation is quite helpful because it makes it
possible to increase both in a practical sense. One suspects
that the smaller and less influential the island of regular mo-
tion, the closer " approaches unity and thus " accuracy is
directly linked to how small an island one can detect in this
way. Earlier works such as !28,29" have studied scaling laws
that arise in the fluctuations of the FTLE and have already
emphasized the role of sticky regions and islands. Ahead, we
show islands of measure roughly 0.01% of $ that were
found with the FTSE time scalings relatively easily.

In Fig. 6 we show the scaling of the FTSE variance for a
few values of the kicking parameter compared with "=1.

The regular island structures of Fig. 4 at K=9.26 have a
very significant effect on the time scaling. One also sees the
appearance of more than one time scale—i.e., slope—
depending on the time regime. The turnstiles previously pic-
tured would at first lead to only small numbers of trajectories
entering into the interior region of the homoclinic tangle, and
one would expect " to begin close to unity. Later, a certain
proportion would get trapped inside for up to hundreds or
thousands of time steps. During this period, the greatest pro-
portion would resemble nearly stable orbits and " would
deviate most from unity. Further in time, only the trapping
right at the regular island-chaos interface would contribute to
deviations from unity and the slope increases somewhat
again. It is known that different trapping mechanisms can
coexist in phase space and lead to a “multifractal” process
!30". This particular example is instructive because the turn-

stile time scale is fairly well separated from the others. The
smaller the stable islands, the more the power laws recover
the uncorrelated 1/ t form. At K= #8.47,9.35$ there are only
small detectable deviations from unity, and in both cases it is
possible to locate very small islands; see Fig. 7.

At K=9.5 we could not locate islands in this way and the
exponent " is as close to unity as the precision of the calcu-
lation.

It is worthwhile remarking that while accelerator modes
give rise to anomalous diffusion #in momentum$ in the stan-
dard map on the cylinder !31", the different scaling regimes
discussed above hold whether the stable regions are accel-
erator modes or not. However, the suppression of the rate of
the variance’s approach to zero and the average Lyapunov or
stability exponent to the ergodic average in the presence of
small islands have similar origins. Namely, they are due to
trajectories spending intermittently long intervals of time
near sticky islands or regions of almost marginal stability
and nonhyperbolicity.

We point out that although power laws such as that given
in Eq. #22$ are susceptible to variations in the initial position
#q0 , p0$, to changes of the trajectory sampling, and to the
time window in which they are under study, the " deviations
from unity are robust structures and can be correlated to
phase-space structures.

In Fig. 8 we show the variation of " as K is tuned through
a range which has small stable regions. The “normal ” expo-
nent "=1 is realized to a very good approximation for most
values of K, indicating the general absence of significantly
large, low-instability traps. The prominent deviation around
K=9.3 is due to the structure of Fig. 4 born out of a double
saddle node bifurcation around K=9.2 and it persists to near
K=9.45. It grows to its largest size around K=9.26 where the
variance decays the most slowly, "%0.16. In terms of the
phase-space area, the islands occupy approximately 0.5% of
$ at K=9.26 and 0.2% at K=9.35 #for which "%0.88$.
Notice robust, though small, deviations from unity at several
other values of K. For example, even for an island as small
as that found at K=8.47 #0.01%, "%0.96$, there is a range
of K values where " is significantly and consistently differ-
ent from unity; the inset shows a finer scan of this region.
The fine oscillatory structure that is apparent here could be
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FIG. 6. The scaling of the variance for an ensemble of 40000
initial conditions uniformly distributed in the square A
= &#0.10,0.10$ , #0.15,0.15$'.
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FIG. 7. #Color online$ Small regular islands found at K
= #8.47,9.35$ and their surrounding homoclinic tangles. Not only
are the islands much smaller than for K=9.26, but the turnstile
fluxes are larger relative to the measure of the enclosed area, mak-
ing the flow much less restricted in the neighborhoods of the is-
lands. The measure of the regular region for K=8.47 is roughly
0.01% of $, counting all the unique iterations of the structure.
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General statement for Birkhoff sums

µ
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⇠

where the bound is optimal Melbourne ’09; Pollicott, Sharp ‘09

Some care has to be taken about the function: for instance in the case of Pomeau Manneville maps 
we get exponential large deviations if                  , namely the function vanishes at the indifferent 
fixed point

�(0) = 0



3

Figure 3: Distribution of finite time Lya-
punov exponents, computed according
to (4), for K = 10: finite time n = 10000,
cyan plot refers to a statistics of 108 FTLE
(from a single trajectory), while magenta
line is a gaussian, where the mean and
the variance are taken from the former
distribution (µ = 1.62, s = 9.80 ⇥ 10�3).
The histogram refers to 2000 bins. Pro-
gram hist.f95. (You might wander why
the histogram looks nicer w.r.t. Fig. (2):
there random parameters were used in
generating the plot with qtgrace, while
here the binning is over the exact inter-
val of resulting finite time exponents).

2

Figure 1: Distribution of finite time Lya-
punov exponents, computed according
to (4), for K = 10: finite time n = 10000,
cyan plot refers to a statistics of 106 FTLE
(from a single trajectory), while blue line
refers to 108 values. The latter set re-
quired 100m51.108sec on a MacBook Pro,
3 GHz Intel Core i7, by using gfortran
and the program stand.

Figure 2: Same as Fig. (2), but for K =
9.26.

Shape of finite time Lyapunov exponents distributions

Standard map: fully chaotic space

Standard map: mixed phase space



Easy quantitative test

Grossman, Horner ’85, Pikovsky ’91, Cristadoro, 
Haydn, Marie, Vaienti ’10
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Generalized Lewowicz area preserving maps

L(",�) :

⇢
yn+1 = yn + f",�(xn) mod 2⇡,

xn+1 = xn + yn+1 mod2⇡,

f",�(xn) = [xn � (1� ") sin(xn)]
�

with

the original map (Lewowicz ’80) was introduced for ε=0, and γ=1: in such a case it is ergodic and 
mixing (Liverani ’04); Liverani, Martens ’05 studied the polynomial decay for some observable

ε>0 the map is hyperbolic 
ε=0 (0,0) is a parabolic fixed point
ε<0 (0,0) is an elliptic fixed point   
γ is a sort of intermittency parameter 
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Time statistics approach (A., Cavallasca, Cristadoro ‘08)

Ω reference set containing the parabolic 
fixed point

Ωn set of points leaving Ω in exactly n 
iterations

4

FIG. 2: (color online) A few Ωn (once we set Ω as the first
quadrant x ≥ 0, y ≥ 0).

and for the waiting time distribution as well (Eq. (9))

ψΩ(n) ∼ n− 3γ+1

γ−1 . (26)

In view of the argument we earlier mentioned (see Eq.
(11)), the estimate of Eq. (25) suggests the same decay
law for (auto)correlation functions

CAA(n) ∼ n− γ+3

γ−1 . (27)

Next section will present several numerical simulations
concerning these quantities.

IV. ASYMPTOTIC DECAYS

We start by considering the survival probability: Fig.
(3) shows two examples of numerically computed pΩ(n).
The numerical data exhibit an excellent agreement with
analytic estimates over a wide range of intermittency pa-
rameters, as shown in Fig. (4), which also provides clear
indications of the validity of our estimate for the asymp-
totic decay of the waiting time distribution.

We already mentioned that various arguments support
the expectation that correlation functions should decay
as the survival probability (Eq. (27)), so we proceed
to scrutinize this prediction by running extensive direct
numerical simulations on autocorrelation functions; as
we are dealing with an ergodic (and mixing [12]) system,
autocorrelation functions can be evaluated in terms of
phase space averages (instead of temporal averages):

CAA(n) =

!

M
dµ(z)A(T n

γ z)A(z) −
"
!

M
dµ(z)A(z)

#2

(28)
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FIG. 3: (color online) Survival probabilities for γ = 3 (lower
curve) and γ = 10 (upper curve) together with the power law
decays predicted by Eq. (25). We used 1012 initial conditions
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where A is a smooth function on the phase space M
and µ is the invariant Lebesgue measure. From a nu-
merical point of view it is known that often Monte-Carlo
evaluation of Eq. (28) cannot be pushed too far, as the
statistical error is of order 1/
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transient in the decay [10, 31, 38]: transient time t might
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The asymptotic behaviour is determined once we estimate μ(Ωn): along the unstable manifold we 
have a Pomeau-Manneville dynamics

`n+1 = `n + h(`n) h(`) ⇠ `� � =
3� + 1

2

from which we get
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4

FIG. 2: (color online) A few Ωn (once we set Ω as the first
quadrant x ≥ 0, y ≥ 0).

and for the waiting time distribution as well (Eq. (9))

ψΩ(n) ∼ n− 3γ+1

γ−1 . (26)

In view of the argument we earlier mentioned (see Eq.
(11)), the estimate of Eq. (25) suggests the same decay
law for (auto)correlation functions

CAA(n) ∼ n− γ+3

γ−1 . (27)

Next section will present several numerical simulations
concerning these quantities.

IV. ASYMPTOTIC DECAYS

We start by considering the survival probability: Fig.
(3) shows two examples of numerically computed pΩ(n).
The numerical data exhibit an excellent agreement with
analytic estimates over a wide range of intermittency pa-
rameters, as shown in Fig. (4), which also provides clear
indications of the validity of our estimate for the asymp-
totic decay of the waiting time distribution.

We already mentioned that various arguments support
the expectation that correlation functions should decay
as the survival probability (Eq. (27)), so we proceed
to scrutinize this prediction by running extensive direct
numerical simulations on autocorrelation functions; as
we are dealing with an ergodic (and mixing [12]) system,
autocorrelation functions can be evaluated in terms of
phase space averages (instead of temporal averages):
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Lyapunov exponents plotted in logarithm scale.)

5. A model example

To provide an illustration of the technique we described in the former sec-
tion, we provide new numerical experiments on the family (7) of area-

c
In

52
such a bound has been shown to be optimal.
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(7) with (a) ε = 1 and γ = 2 and γ = 3 and (b) ε = 0 and γ = 2 and γ = 3.

sition from chaotic ε > 0 to intermittent ε = 0 behavior, and how (18) offers
an efficient numerical tool to compute exact (polynomial) mixing rates in
the latter case.

In Fig. (1) we plot Pn(λn) for different cases: the hyperbolic case (a)
has been obtained by 5 · 106 initial condition, while the intermittent case
(b) refers to 107 initial conditions. One almost obvious feature is that when
we go to ε = 0 case the distributions look asymmetric, due to the frequent
appearance of low estimates for Lyapunov exponents due to sticking to
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An open scenario: coupled intermittent maps (Sala, Manchein, A. ‘15)

fz," :


x

y

�
7!


fz (x + " (y � x) )
fz ( y � " (y � x) )

�
(1)

where                                          and ε is sufficiently small (in order to avoid synchronisation
fz(x) = x+ x

z
mod1

M. Sala et al. / Physica A 438 (2015) 40–47 41

Fig. 1. Panel (a): Phase-space dynamics of the PM map, given by Eq. (1), with z = 1.5 and ⇠(z) ' 0.57, along with a typical orbit: after being quickly
repelled away from the unstable fixed point at x = 1 (red cross) and being re-injected into [0, ⇠ ], it slowly escapes from the indifferent fixed point at
x = 0 (black point). The nearer the reinjection is to x = 0, the longer the escape lasts, leading to an invariant density with a singularity ⇠ x

1�z at x = 0
(magenta-continuous line). Panel (b): in color, the two-dimensional numerical density of points ⇢(x, y) (the color-bar is presented in logarithmic scale)
for an orbit of length 1011 of the coupled PM2 map (see Eq. (3)) with z = 1.5 and " = 10�2; the orbit visits the whole partition of 103 ⇥ 103 cells, but
the color levels reveal that the density is not the product of two PM densities. The upper left square is the region over which recurrences are computed
(Section 3.4); this is chosen to avoid the synchronized states on the diagonal. (For interpretation of the references to color in this figure legend, the reader
is referred to the web version of this article.)

to generalized central limit theorems to infinite ergodic theory), have been anticipated by Gaspard andWang [5,6] and later
discussed and proved in several papers, with also remarkable applications to the problem of anomalous transport.

In this work we address the important problem of multidimensional extension of such prototypical models by diffusively

coupling [7,8] a pair of Pomeau–Manneville maps: it is not trivial, indeed, how the increased dimensionality may modify
the dynamical properties, e.g. allowing the system to avoid or deform the intermittent behavior. In other words, we are
interested in characterizing the ergodic properties of two coupled PMmaps and compare this case with the single PM map
results. Among the different tools to investigate such properties a prominent role is played by the analysis of phase-space
densities, escape and recurrence time statistics, filling rates and finite-time Lyapunov statistics. Apart from the intrinsic
interest, this study represents a natural preliminary step towards many-dimensional extensions, which have been recently
proposed, for example, as the proper framework to study the statistics of genomic sequences [9].

The paper is organized as follows: Section 2 describes general properties of the 1D PM map and its 2D version (PM2)
coupled via the diffusive scheme; stability arguments allow to identify and avoid the so-called synchronization regime. In
Section 3 we present and discuss the numerical results that are summarized in the conclusions in Section 4.

2. General setting

2.1. Pomeau–Manneville (PM) map

The PMmap is a non-invertible transformation of the unit-interval f
z

: [0, 1]  , defined by:

x 7! f

z

(x) = x + x

z mod 1
= x + x

z � �
z

(x), (1)

where 1 < z 2 R and �
z

(x) is the characteristic function of the set [⇠ , 1] (i.e. �
z

(x) = 0 for x < ⇠ , and �
z

(x) = 1 for x � ⇠ )
with the discontinuity point ⇠(z) < 1 defined by f

z

(⇠) = 1. As we remarked in the introduction, we are interested in the
regime where the fixed point at 0 is not hyperbolic: this happens whenever z > 1; notice that when z = 1 (1) yields the
– fully chaotic – Bernoulli map. Thus, for z > 1, at the fixed point at the origin we have f

0(0) = 1, namely we have an
indifferent fixed point, neither stable nor unstable, as far as linear analysis is concerned. The dynamical properties of the
PM map are determined by its indifferent fixed point at x = 0, where the dynamics is slowed down by the tangency (see
Fig. 1(a)), and they strongly depend on the intermittency parameter z. When z > 2 there is no invariant probability measure
(the invariant density close to the origin goes as x1�z) and the map (1) provides and example of infinite ergodicity [10–12]:
We will not consider such a case in the present paper. On the other hand, we are interested in the regime 1 < z < 2
where the map is ergodic and the invariant measure close to the origin has the same behavior as before, but now with
an integrable singularity [13]. For such intermittency parameter range the map is also mixing, with polynomial decay of

44 M. Sala et al. / Physica A 438 (2015) 40–47

Fig. 3. (Color online) Panel (a): stretched exponential decay of Q
K

(n) (fraction of unvisited cells at time n) for the values of intermittency exponent
z = 1.2, 1.3, 1.4, 1.5, 1.6, 1.7, 1.8, 1.95 (respectively from left- to right-most graph) at coupling parameter " = 10�4; the total number of cells
K = 2000 ⇥ 2000 is eventually visited, but the plot is truncated at Q

K

(n) = 10�5 for clarity. Panel (b): the stretching-exponent ' from Eq. (8) as a
function of z for the three coupling parameters " = 10�3, 10�4, 10�5; in all three cases the almost linear trends are close to the line (4 � z)/3 (in gray,
for reference), leading to pure exponential at z = 1 (i.e. the Bernoulli map limit).

simple asymptotics, while the data are fitted by stretched exponentials, with stretching exponent ' and pre-factor C:

Q
K

(n) ⇠ e�C ·n'
. (8)

The resulting exponents are plotted in Fig. 3(b), which suggests a linear relation with the intermittency parameter z that
is independent on the coupling parameter "; interestingly, the latter turns out to influence only the exponent pre-factor C
(not shown), a property shared also by other dynamical indicators we consider in the next sections. Stretched exponential
relaxations are known to have physical relevance (see for example Refs. [21,22]): in the present context we have not any
dynamical clue for this behavior, which will be observed for other dynamical quantities in the final part of the present
section.

3.3. A warm up exercise: Escape from the indifferent region

It is well known that direct numerical indications of mixing are extremely hard to attain for non trivial systems [23]:
tests that proved to be numerically stabler involve either statistics of Poincaré recurrences [24–27] or large deviations for
Birkhoff sums [28]. As a preliminary step, we consider escape rates from a small region of the phase space containing the
origin: for intermittent dynamics we expect a power-law decay of the surviving probability. Our numerical results refer to
the choice of the escape region ⌦ = {(x, y) 2 [0, 0.1]2}, we checked that our results remain unaltered for smaller escape
sets. The plots presented in Fig. 4 are obtained by choosing a uniformly distributed ensemble of 1010 initial conditions in ⌦ ,
and computing the cumulative survival probability P⌦(⌧ ). For uncoupled (" = 0) maps, since the set of points that survive
n iterations is a square, whose construction is easily induced by the 1D case [6], we expect that P⌦(⌧ ) ⇠ ⌧�� "=0

esc where the
exponent is twice the value for 1D PM maps, � "=0

esc

= 2/(z � 1). From Fig. 4 we observe that the escape power laws follow
very closely the uncoupled behavior over a wide set of coupling constants ". This result is however only a probe of local
properties close to the indifferent fixed point, so we now turn to more meaningful tests of mixing properties.

3.4. Mixing test 1: Recurrence times

In this subsection we present numerical experiments for the statistics of Poincaré recurrences in a fixed box in phase
space: we choose (x, y) 2 [0.10, 0.55] ⇥ [0.55, 1.00] = X ⇥ Y away from the diagonal (synchronized states), and a
single random initial condition was iterated until the ensemble of recurrences was equal to 1012. We also tested boxes
with different sizes and the quantitative results remain unaltered. We remark that such a huge ensemble of recurrences
is essential to get a reliable statistics for long return times. To visualize the data we plot the cumulative probability
P

rec

(⌧ ) := P(t
rec

� ⌧ ) for the orbit to return in the box only after a certain time ⌧ : if the cumulative probability decays
polynomially with an exponent � , then we expect [24–26] that also correlations display a power-law decay, with an
exponent � = � � 1. By such analysis, in Fig. 5(a) we confirm the presence of an asymptotic power-law decay:

P

rec

(⌧ ) ⇠ ⌧�� (9)

whose exponent � depends on the intermittency parameter z but not on the diffusive coupling ". As illustrated in Fig. 5(b),
such dependence for " > 0 coincides with twice the exponent behavior for the case " = 0, that is � (z) ⇠ 1/(z � 1), namely

numerical evidences of ergodicity (which is not proved Fernandez)
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Fig. 5. Panel (a): Cumulative probability for recurrence times ⌧ at z = 1.5 and coupling parameter " = 10�2, 10�3, 10�4, 10�5, 0; dashed and dash-
dotted lines are fits to the power-law decay of respectively the uncoupled (" = 0) and coupled (" > 0) cases. Panel (b): The same power-law exponents
for the set of intermittency exponents under study z = 1.2, 1.3, 1.4, 1.5, 1.6, 1.7, 1.8, 1.95; we find the same exponents for all " > 0 cases (black points,
red-continuous line⇠ 2/(z�1) for reference), and all of them coincidewith twice the " = 0 exponents (blue circles, light-blue-dashed line⇠ 1/(z�1) for
reference). Notice that the characteristic time at which the power-law starts grows as the coupling parameter " ! 0. (For interpretation of the references
to color in this figure legend, the reader is referred to the web version of this article.)

Fig. 6. Panel (a): Cumulative probability of recurrence times ⌧ at z = 1.5 (same as in Fig. 5(a)) after rescaling according to Eq. (10). Panel (b): The rescaling
exponent ↵ as a function of parameter z, for the cases in which the curve collapse is apparent; the solid-red line is a linear fit. (For interpretation of the
references to color in this figure legend, the reader is referred to the web version of this article.)

to follow a single trajectory for 1012 time steps and re-construct P
n

(�)|
n106 from 106 consecutive chunks of trajectory: the

threshold is then fixed depending on the goodness of the collected statistic. In Fig. 7(a) we find that, like in the case of filling
rates, the data are best fitted by a stretched exponential decay M�̃(n) ⇠ e�C ·n� ; notice that different values of �̃ give the
same stretching-exponent � but different pre-factors C .We find that the exponent � , at diffusive coupling " = 10�5, display
a roughly linear dependence on parameter z (Fig. 7(b)). Finally, we remark that the discrepancy between the stretched
exponential for the M�̃(n) integral and the power-law decay for Poincaré recurrences definitely deserves further studies,
since, in principle, the two should be related.

4. Conclusions

In summarywe havemainly investigated the ergodic properties of two diffusively coupled, identical Pomeau–Manneville
maps. In particular we have characterized how single trajectories fill fine partitions of the phase-space: this yields an
indication of ergodicity, with a nontrivial filling rate in the form of a stretched exponential. The same time-law appears
in the decay of sub-threshold finite-time Lyapunov exponent distribution, which probes the speed of mixing. By contrast,
a polynomial decay is instead observed when considering the statistics of escape times and Poincaré recurrences. In

z = 1.5 1d Pomeau Manneville map

coupled case

M. Sala et al. / Physica A 438 (2015) 40–47 47

Fig. 7. (Color online) Panel (a): Examples of stretched exponential fits for the decay of M̃�̃(n) := M�̃(n)/M�̃(0) (i.e. Eq. (11) normalized w.r.t. n = 0 for
fitting purposes) for parameters z = 1.5, " = 10�5 and three different values of �̃; notice that the stretching exponent is the same for all three cases, but
the exponential pre-factors are not. Panel (b): The stretching exponent � as a function of z at " = 10�5; the straight continuous-black line is for reference.

addition, the latter display a power-law exponent, for two coupled maps, which is exactly twice the value for the single
Pomeau–Manneville map, suggesting some kind of asymptotic independence between the two coordinates.
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3

non-linearly shifted along themselves and wrapped over
the torus; as a consequence, set B is transformed into
B1 = f(B) (bordered by blue dash-dotted line) whose
shape coincides with B reflected about the bisector.

Although in di↵erent coordinates, the same system is
studied in [27] for several numbers of identical coupled
mapsKj = K , 8 j, confirming the existence of a coupling
threshold � > �⇤ above which dynamics appears ergodic.
A similar interaction force ±� sin(2⇡(x1 + x2)) is also
considered in [30], finding a non-trivial structure of reso-
nances between the two 2D standard-maps. Local forces
K sin(2⇡x) ensure that system (1) is chaotic also when it
is uncoupled, at � = 0. To get a generic case, we fix the
parameters K1 = 0.65 and K2 = 0.60 [37], both corre-
sponding to well-developed chaotic regimes with strongly
mixed phase-spaces, due to the co-existence of a main
hyperbolic fixed-point at (x, y) = (0, 0) with a central
system at (x, y) = (0.5, 0.5). While for K2 = 0.60 the
latter is a stable fixed-point with a typical surrounding
hierarchy of un/stable tori, for K1 = 0.65 it is made by
a weakly hyperbolic fixed-point with eight-shaped homo-
clinic intersections encircling a stable orbit of period 2.
Remarkably, in the uncoupled regime (Fig. 1 (a), � = 0)
the central system is completely isolated from the main
chaotic sea by a thick, quasi-periodic annular barrier.
Once the coupling is on (Fig. 1 (b)-(d) for � = 10�3),
the orbits are allowed to penetrate the barrier and access
the central system, although at gradually slower rates as
� ! 0, de facto inducing the process of weak Arnol’d
di↵usion. Operatively, by the coupling parameter-range
10�6  �  10�3 we observe weakly correlated kicks,
given by ±� sin(2⇡ �x), driving each of the two maps in
and out what become broken tori. The latter appear to
be alternatively selected/avoided by the orbits in a very
complicated way, which sensibly depends on the initial
condition: an example is shown in Fig. 1 (b)-(d) by a
single orbit that accumulates more over just one of two
symmetric period-3 island-chains with very thin shape
(the arrow points to one of the three selected islands).
By changing initial condition (not shown) it is possible to
revert such sticky behaviour to the other period-3 island-
chain, or even to avoid it, highlighting the existence of
markedly separate paths by which orbits can penetrate
and di↵use inside the broken central system.

III. DATA COLLECTION

The standard procedure to collect a single event ⌧ in
the RT statistics involves what is called a Poincaré cycle

[31]. In spite of being a very old recipe, this deserves
to be examined with care, more than for clarity, for the
useful information it encodes. Informally, indeed, one
can describe the procedure as: measure the lapses of
time spent outside set B by an orbit started in B. Here
we focus on the single recurrence cycle and, by referring
to Fig. 2, picture it as follows: an orbit starts from point

x in set B (bordered by pink dashed line) and evolves as
long as it remains inside B (black bullets). The residence
period inside set RESB (orange zone) lasts until landing
in what we call the departure-set DB (light-blue zone),
made by all points x1 that escape from B in one iteration
into B1 = f(B) (bordered in blue dash-dotted line).
Notice that this new set is constructed by DB = B1\B,
i.e. by subtracting from set B1 all points that are still
in B. From such first point x1 2 DB lying outside B,
we start a clock tB(x1) = 1 and employ it to label all
successive iterates xt /2 B that stay outside B, in RECB

(white zone) by setting tB(xt) = t (red circles). A cycle
ends once the orbit returns to B after a number t = ⌧ of
clock ticks, which marks its Poincaré RT (length). By
repeating the substitution x  x⌧+1 2 B a number E

of times, we thus collect RT statistics over an ensemble
made of E Poincaré cycles (events) sampled from a
single trajectory started in B (see Appendix A).

All points x⌧+1 hitting B first belong to what we call
the arrival-set AB (yellow zone in Fig. 2) which is the
only set accessible from outside B in one step. Notably,
the arrival-set has a general expression AB = B\B1

which is similar to the departure-set DB = B1\B and
shares with it the same volume µ(AB) = µ(DB). By
fixing set B, any bounded phase-space ⌦ is then par-
titioned into four sub-sets DB , RECB , AB and RESB

respectively associated to the universal processes of: de-

Figure 2. (Color online) Panel (a): scheme of a single
Poincaré cycle as described in Sec. III for one uncoupled
(� = 0) standard-map in (1) and recurrence-set B (bordered
by pink dashed line) in the phase-space ⌦ = [0, 1]2 (largest
square), with departure-set DB = B1\B (light-blue zone) and
arrival-set AB = B\B1 (yellow zone); recurrence/residence
cycles take place only in the respective sets RECB/RESB

(white/orange zones). In these coordinates, first iterated-set
B1 = f(B) (bordered by blue dash-dotted line) has the same
shape of B reflected about the bisector. Panel (b): picture of
the four sets DB , RECB , AB and RESB as described in Ap-
pendix B for a dynamics B ! B1 = f(B) induced by evolving
a generic flow f = F�t along a fixed time-step �t; standard-
map in panel (a) belongs to the special class of time-periodic

Hamiltonian flows whose integration after one period �t ad-
mits an explicit expression, as the one used in equation (1).
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For any time-series {xn}n=1..T in d dimensions, one
step of the program computes the logical constraints
and updates an associated spectrum of time-of-flights
{t(k)}k=1..d ; in pseudo-code, this would read:

xn 7! xn+1

for k = 1..d

�

(k) =

⇢
1 if k  N+ =

P
j �j(xn+1)

0 else

t

(k)
n 7! tn+1

(k) = (t(k)n + 1)(1� �

(k))

(7)

By collecting the probability densities ⇢(k)(t(k)) we then
obtain the full spectrum of RT cumulative probabilities
P

(k)(⌧ (k)), as proved in [25]. Computationally, indeed,
any time-of-flight function tB(x) evolves along with an
orbit xn+1 = f(xn) by the very simple relation:

tB(xn+1) = (tB(xn) + 1) (1� �B(xn+1)) (8)

with �B(x) the characteristic function of recurrence set B
and, thus, tB(x) = 0 for any x inside B. In Fig. 1, one
can picture the sequence tB(xn) along a specific orbit,
with tB being reset to zero at each entrance in B and
then growing linearly since each exit, until the next re-
entry at ⌧B , the Poincaré return-time.

inside outside
0 0 1 2 3 ...

B B B B
\B

B

B~
n

t B
 (x

n)

Figure 1: Scheme of the piece-wise linear evolution (8) for the
time-of-flight tB(x) at points x 2 ⌦\B outside the recurrence
set B (red curves). The sequence tB(xn) encodes the same
information as the statistics of Poincaré recurrence times ⌧B .

II. NUMERICAL EXPERIMENTS

As first test-model we take the Hamiltonian chain of d
Chirikov-Taylor standard maps in McMillan form [MM]
with (q,p) the canonical pair of conjugated coordinates
and (x,y) = (q,q� p). Our test map f then reads:

x̄j = 2xj � yj +Kj sin(2⇡ xj) + fj(x) mod 1 ,

ȳj = xj , (9)

with the 2d torus (x,y) 2 T2d as phase-space ⌦ and
nearest-neighbours coupling forces fj(x) which are both
conservative and non-linear:

fj(x) = � [ sin(2⇡(xj+1 � xj)) + sin(2⇡(xj�1 � xj)) ] .

As shown in [25], the part of any recurrence set (included
Bj = {xi

j < xj < x

f
j }) having some role in recurrences is

its arrival sub-set Aj = Bj\f(Bj) (where all recurrence
hit Bj for the first time). Because of the structure of map
(9), the latter depends automatically on both xj and yj

and thus has 2(d � 1) free parameters. For this reason
and supported by numerical evidence, we consider only
d coordinate sets Bj , j = 1.. d instead of 2d, as one may
expect by the introduction in Sec. IA. As a preliminary
test, we employ a set parameters similar to [25], with
� = 10�4, K1 = 0.60, K2 = 0.65 and a linear profile
Kj = K1 +�K(j � 1)/(d� 1) with �K = K2 �K1.

A. First constraint: Detector on the circle

As first family of recurrence sets we take d identical
intervals Bj = {xi

< xj < x

f} over [0, 1] by setting
x

i = 0.2 and x

f = 0.8, which corresponds to putting
a detector over [xi

, x

f ] while all rotors qj = xj move
on the same circle. In Fig. 2, the preliminary result is

that all probabilities P (k)(⌧) ⇠ ⌧

��(k)

exhibit power-like
decays with a sequence of progressively faster exponents
�

(k) ' 0.65, 0.85, 0.99, 0.95 respectively for k = 1, 2, 3, 4
to �

(6) = 3.00 and higher for k = 7, 8, 9, 10. The first
conclusion is thus that the probability to encounter k

particles in the detector at the same time decay faster
for higher particle numbers but they all appear slowly

decaying, i.e. multiple encounters are rare, but exist.
One may also be tempted to infer about the separation
in the behaviour of the first 5 probabilities to encounter
up to 5 particles with respect to all the higher ones; such
a discussion is postponed to future analyses.

Figure 2: Spectrum of RT statistics for k = 1..d = 10 logical
constraints (from purple to black) with recurrence set as in
Sec. II A, i.e. to detect k particles in the same interval.

tB(x1) = 1

Level sets 
S

B
m = {x 2 ⌦ \B : tB(x) = m}

Recurrence probabilities PB(l) =
P1

m=l ⇢B(m)

PB(l) =
µ(SB

m)
µ(SB

1 )
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Figure 2: Coarse-grained densities in the first phase-space of
map (15) with K1 = 0.65 , K2 = 0.60. Panel (a) and (b)
correspond respectively to the uncoupled � = 0 and weakly-
coupled case � = 10�4, both over (x1, y1) 2 [0, 1]2; panel (c)
is an enlargement of panel (b) over (x1, y1) 2 [0.475, 0.750]⇥
[0.250, 0.525]. While the standard-map in panel (a) has uni-
form density already with orbit length 107, the coupled case
in (b) and (c) requires length 108 to explore the whole cen-
tral island at least once per cell. This appears due to a weak
Arnold’ di↵usion through the layers of broken invariant tori,
which takes extremely long transient times ⌧⇤ ' 109 for the
numerical density to get uniform over the whole square [0, 1]2.

102  ⌧ < 103 in panel (b). In fact, in this range we
have µ(S⌧

B)  µ(S1
B)⇥ 10�6 = 0.16⇥ 10�6, which is be-

low the minimal observable area 10�6 of one cell. This
is all confirmed in panel (c) by employing a finer grid
G0 with 300 ⇥ 300 cells over the blow-up of panel (a)
[0.24, 0.26] ⇥ [0.74, 0.76] around one of the small yellow
regions, which reveals the structure of a period-2 island,
called accelerator-mode [????], surrounded by a smaller
period-5 island-chain. The cell area here is 4.4̄ ⇥ 10�9,
which allows to observe the phase-space sources of long
RT for the entire range ⌧  103 collected in panel (b).
As a comparison with other island-detection methods, in
[19, 22] it is claimed a minimal detectable island-area
⇠ 10�4 (assuming µ(⌦) = 1), while the area of one of
the period-5 islands in panel (c) (blue cells) is ⇠ 10�8.

C
(

)

10-8

10-6

10-4

10-2

100

100 101 102 103

(c)

* = 1.6

y

x

(a)

y

x

(b)

Figure 3: Detection of small islands by the cell-averaged
Poincaré time-of-flight htBi defined in (4). By the recur-
rence set B = {|x| < 0.1} we generate 109 Poincaré cycles
from one orbit of length 1.25⇥109 for the standard-map (set-
ting � = 0 in Eq. 13) at K = 10. Panel (a) and (b) show
{htBi = ⌧} ' S

⌧
B (as in (5) respectively in the full phase-

space [0, 1]2, over square-grid G made of 103 ⇥ 103 cells, and
in the box [0.24, 0.26] ⇥ [0.74, 0.76], over a finer grid G0 of
300 ⇥ 300 cells. In panel (c) the cumulative RT probability
CB(⌧) (black curve) coincides with the distribution of color-
areas µ(S⌧

B) shown in panel (a) normalised by the gray area
µ(S1

B), as encoded by formula (9) and proved by the formal
numeric evolution in (12).

This makes the cell-averaged time-of-flight (4) a simple
and quick detector for any island with computable size
and su�ciently visited by the system.

B. Decay of probabilities

By inspection of the decay of RT probabilities we find
transient anomalous di↵usion with two di↵erent decay
exponents �1 ' 1.0 as illustrated by dash-dotted gray
line in Figs. 4(d) and (e) and Fig. 5(e), and �2 ' 0.8
by dashed gray line in Fig. 5(f) for two di↵erent sets
B[0.1] = {|x1| < 0.1} and B[0.3] = {|x1| < 0.3}, after
which an exponential statistics seems to reappear. Such
anomalous regime is due to the slow penetration of the
weakly-perturbed orbits through the layers of broken is-
land chains (see Figs. 2(b) and (c)), which appears as a
sequence of very slow and localized transients of Arnold
di↵usion. Careful inspection of Fig. 4(a), reveals that set
B[0.1] has a sequence of time-of-flight level-sets S

⌧
B1

for
⌧ < 100 much larger than for higher values of ⌧ > 100.
In particular, in the same panel we notice the presence

color coded level sets

integrated recurrence 
probabilities

A standard map case





Coupled standard maps: universality?

p

0
[j] = p[j] +

1
2⇡K

�
sin(2⇡(x[j] � x[j�1])) + sin(2⇡(x[j] � x[j+1]))

�

x

0
[j] = x[j] + p

0
[j]

In the K region where a chaotic sea coexists with regular islands 

4

previous results [14, 15] which claimed the growth of β
with growth of N and chaos parameter (see e.g. Fig.2
in [15]). Thus, on a first glance, in Fig.2(c) of [15] β in-
creases from β ≈ 1.4 to 2.8 for N = 4 when the chaos
parameter ξ is changed from 0.03 to 0.1. This is in dras-
tic contrast to the results presented here in Fig. 4 clearly
showing that β ≈ 1.3 ≈ const when the chaos parameter
is changed by a factor 5. I think that such an increase
of β with ξ in [15] should be attributed to shorter times
considered there in comparison with the present studies.
In view of that I make a conjecture that in a generic

case, when the islands of stability have nonzero mea-
sure, the asymptotic decay of Poincaré recurrences has
the form (1) with a universal average Poincaré exponent
β ≈ 1.3− 1.4 being independent of chaos parameter, and
number of degrees of freedom N (at least for moderate
and large but finite values of N).
The data of present studies confirm the approximate

independence of β of chaos parameter K (see Fig. 4). At
the same time the data of Fig.2(c) of [15] at moderate
values of chaos parameter ξ = 0.03 clearly show that β is
approximately 1.4 − 1.5 for 2 ≤ N ≤ 10. This confirms
the above conjecture. In my opinion, a further increase
of β for 11 ≤ N ≤ 25, visible in Fig.2(c) of [15] for
ξ = 0.03, should be attributed to a significant reduction
of the available fit interval tdr < t < ttot which is clearly
seen in Fig.2(a),(b) of [15]. It is also clear that for the
model of [15] the growth of N gives an effective increase
of the chaos parameter due to long range interactions
present in the model. The data of [14] for 4D map give
approximately the same universal value of β, while for
6D I expect that the time interval was not so long to see
the asymptotic behavior.
It is now well established that generic 2D symplectic

maps have Poincaré recurrences with a universal average
Poincaré exponent β ≈ 1.5 [7–10, 12]. This slow decay
is linked to sticking in a vicinity of stability islands. It
is naturally to expect that for larger number of degrees
of freedom N the structure of such sticking regions is
more complicated giving more possibilities for sticking
with slow Arnold diffusion processes. Hence, intuitively
it is natural to expect that for a few degrees of freedom
the average value of β will be smaller. The universal
average value β ≈ 1.3 − 1.4 found here and in [15] is in
agreement with such expectations.
In conclusion, the studies of the statistics of Poincaré

recurrences in Hamiltonian systems with a few degrees of
freedom show that at large times it is characterized by a
power law decay (1) with the universal average exponent
β ≈ 1.3. This value is not so far from the average ex-
ponent β ≈ 1.5 found for the 2D symplectic maps. It is

possible that the physical mechanisms of this slow decay
have similar grounds related to sticking of trajectories in
a vicinity of small islands of stability for enormously long
times. Further extensive studies are required to under-
stand in a deeper way the detailed mechanisms of this
slow decay. Even more than hundred twenty years af-
ter the work of Poincaré [1] this fundamental problem of
dynamical chaos remains unsolved.

I thank A.S. Pikovsky for stimulating discussions that
initiated this work.
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FIG. 4: (Color online) Statistics of Poincaré recurrences for
the map (1) shown by curves for parameters N = 4, K =
1, 0.6, 0.4, 0.3, 0.2 (curves from left to right at log

10
P = −8

respectively). The exponents β for the power law decay
P (t) ∝ 1/tβ are 1.243 ± 0.001, 1.292 ± 0.002, 1.385 ± 0.003,
1.427±0.007, 1.476±0.005 respectively. The full straight line
shows the dependence P (t) ∝ 1/tβ with β = 1.30± 0.003 cor-
responding to the average of above 5 values of β. The dashed
straight line shows the diffusive decay P (t) ∝ 1/

√
t. For each

K the data are obtained from one trajectory with the total
number of iterations ttot = 1012.

For K = 1 I find D ≈ 1/2 that corresponds to a random
phase approximation valid in a regime of strong chaos.
With a decrease ofK the diffusion drops rapidly, at small
values of K one has approximately algebraic decay D ∝
Kb with the exponent b = 5.93± 0.22. This value of the
exponent is in a good agreement with the values obtained
in [16, 18] which are b = 6.6 and b = 6.3 respectively. It
should be stressed that the methods of computation of D
in [16, 18] were rather different compared to those used
here.

In fact an enormously powerful numerical method has
been used by Chirikov and Vecheslavov [18] to compute
an extremely small rate of the fast Arnold diffusion (down
to D ∼ 10−44 at K ≈ 8 × 10−7 and N = 16). This
diffusion appears in very tiny chaotic layers around multi-
dimensional resonances. By its structure, the method
used in [18] determines the diffusion in a local domain of
phase space while the method used here gives the global
diffusion. The agreement between two methods shows
that these two diffusion coefficient are approximately the
same.

In these studies I want to analyze how this chaotic
web influence the statistics of Poincaré recurrences. Of
course one is not able to go to so small values of K but
also in a certain sense one does not need this. The alge-
braic decay of P (t) appears due to sticking of trajectories
around stability islands so that one simply needs to have

a significant measure of stability islands.
The data of Fig. 2 show that for N = 8 one has

practically only an exponential decay of P (t) indicating
that the measure of stable component is of the order of
µs ∼ tP (t) < 10−8 for K = 0.6 and µs < 10−5 for
K = 0.4 (I use the relation between µ and P (t) discussed
in [9, 11]). For N = 6 the algebraic decay becomes to
be visible at large t showing that the measure of stability
islands starts to be reachable only for ttot = 1012.
The power law decay of P (t) is most visible for N = 4

case shown in Fig. 4. Initially there is a slow decay of
P (t) which is compatible with a diffusive spreading on a
semi-infinite line with P (t) ∝ 1/

√
t (see e.g. discussion

at [7]). Since tD grows significantly with the decrease of
K the range of this diffusive decay of P (t) increases when
K → 0. However, already for K ≤ 0.07 the measure of
chaotic component becomes rather small and one needs
to use special methods described in [18] to be able to
place initial conditions inside tiny chaotic layers. Due to
these reasons I stop at values of K ≥ 0.1. In any case
for small K the time tD becomes very large and a lot of
computational time becomes lost for not very interesting
diffusive decay.
After the time scale tD a trajectory starts to feel a

finite width of the chaotic layer with −1/2 ≤ pn ≤ 1/2
and an algebraic decay due to sticking around islands
starts to be dominant. In this regime I find the exponent
β = 1.3. The statistical error of this value is rather small
but certain oscillations in logarithmic scale of time are
visible for K = 0.6, 0.4, 0.3 so that the real uncertainty of
β can be larger. At the same time the amplitude of these
oscillations is significantly smaller compared to the case
of 2D symplectic maps discussed in [8, 9, 11, 12]. The
fit for β is done for times tdr < t < ttot where tdr marks
the end of the drop transition from diffusive spreading to
sticking in a vicinity of islands.
The values of β, given in the caption of Fig. 4, have a

certain tendency to increase with a decrease of K. How-
ever, this increase is rather small (about 19% while K
is changed by factor 5). I attribute this to a decrease
of fit interval at small values of K, where the diffusion
time tD becomes larger and larger, that gives a reduc-
tion of the fit interval between tdr and ttot. It is clear
that the fit interval tdr < t < ttot for asymptotic alge-
braic decay should be sufficiently large to determine β
reliably. This is clearly not so for N = 6 case shown
in Fig. 2, where the transition from exponential diffusive
decay only starts to be replaced by an asymptotic alge-
braic decay. In my opinion a fit in such a small interval
would artificially increase the value of β, since a sharp
drop of P (t) visible at t < tdr ∼ tD and being character-
istic of diffusive exponential decay, is not yet terminated
completely. The data of Fig. 4 clearly show that the scale
tdr grows significantly with a decrease of K and D.
This view, obtained on the basis of my results for

rather long ttot, leads me to another interpretation of

N=4, different K values
λ̃1(t) < λ∞1 (λ

∞
1 being the asymptotic largest Lyapunov exponent) one can define

Mλ̃1 (t) =
! λ̃1

0
dλ1 Pt(λ1), (2)

such that (in a large deviation philosophy) the wayMλ̃1 (t) decays as t → ∞ should also rule the mixing speed. The
result is independent on the choice of threshold λ̃t as long as it is below the asymptotic λ∞1 ; however, in numerical
implementations one has to make preliminary checks to fix the threshold reasonably (not too close to λ∞1 to spoil
statistics, not too small to have only few points in the tail). The procedure we follow here (not knowing a priori
the invariant measure) is to follow a set of 106 trajectories for 107 time steps and reconstruct Pt(λ1(t))|t≤107 from 107
consecutive chunks of trajectory: the threshold is then fixed depending on the goodness of the collected statistic.
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Figure 3: Decay ofMλ̃1 (t) for two coupled maps.
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Telegraphic summary

Indirect ways of computing the asymptotic mixing speed 
outperforms direct computation of correlations

Together with time statistics analysis, estimates based on large 
deviations are theoretically sound and numerically promising

Open problems are still a lot ..


